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A SUM OF SQUARES NOT DIVISIBLE BY A PRIME
KYOUNGMIN KIM AND BYEONG-KWEON OH
Abstract. Let p be a prime. We define Sppq the smallest number k such that
every positive integer is a sum of at most k squares of integers that are not
divisible by p. In this article, we prove that Sp2q “ 10, Sp3q “ 6, Sp5q “ 5, and
Sppq “ 4 for any prime p greater than 5. In particular, it is proved that every
positive integer is a sum of at most four squares not divisible by 5, except the
unique positive integer 79.
1. Introduction
The famous four square theorem says that every non-negative integer is a sum
of at most 4 squares, that is, for the quaternary quadratic form fpx, y, z, tq “
x2 ` y2 ` z2 ` t2, the Diophantine equation fpx, y, z, tq “ n always has an integer
solution for any non-negative integer n. After Lagrange [6] proved this celebrated
theorem, it was generalized in several directions. Ramanujan [13] determined that
there are exactly 55 positive definite integral diagonal quaternary quadratic forms.
Later, Dickson [3] confirmed Ramanujan’s assertion is correct except the quaternary
quadratic form x2 ` 2y2 ` 5z2 ` 5t2, which represents all non-negative integers,
except the unique integer 15. Conway and Schneeberger proved, so called, 15-
Theorem which says that any positive definite integral quadratic form representing
1, 2, 3, 5, 6, 7, 10, 14, and 15 represents all non-negative integers. Recently, Bhargava
[1] provided a very simple and elegant proof of 15-Theorem.
Another generalization was initiated by Mordell [7] and Ko [5]. In those papers,
they proved that every positive definite integral quadratic form of rank n less than
or equal to 5 is represented by a sum of n` 3 squares. In fact, there is a quadratic
form of rank 6 that is not represented by a sum of any number of integral squares.
One of such quadratic forms is the root lattice E6.
In this article, we generalize Lagrange’s four square theorem in another direction.
Let p be a prime. We say an integer n is a sum of k squares not divisible by p if
there are integers x1, x2, . . . , xk such that
n “ x21 ` x22 ` ¨ ¨ ¨ ` x2k and pp, x1x2 ¨ ¨ ¨xkq “ 1.
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We define Sppq the smallest integer k such that any positive integer is a sum of at
most k squares not divisible by p. In this article, we prove that
Sp2q “ 10, Sp3q “ 6, Sp5q “ 5, and Sppq “ 4 for any prime p ě 7.
In particular, it is proved that every positive integer is a sum of at most four squares
not divisible by 5, except the unique integer 79.
Throughout this article, we always assume that a quadratic form of rank n
fpx1, x2, . . . , xnq “
nÿ
i,j“1
aijxixj paij “ ajiq
is positive definite and integral, that is aij P Z for any i, j. The corresponding
symmetric matrix Mf to the quadratic form f is defined by Mf “ paijq. The
discriminant df of the quadratic form f is defined by the determinant of the cor-
responding symmetric matrix Mf . If f is diagonal, that is, aij “ 0 for any i ‰ j,
then we write
f “ xa11, a22, . . . , anny.
We say an integer a is represented by f if there are integers x1, x2, . . . , xn such that
a “ fpx1, x2, . . . , xnq. In this case, we write aÝÑf . In particular, we say a is a
sum of k squares if a is represented by the quadratic form Ik “ x1, 1, . . . , 1y. We
define
Rpa, fq “ tpx1, x2, . . . , xnq P Zn : a “ fpx1, x2, . . . , xnqu and rpa, fq “ |Rpa, fq|.
Note that rpa, fq is finite, for we are assuming that f is positive definite.
For two quadratic forms f and g of rank n, we say f is isometric to g if there is
an integral matrix T PMnpZq such that T tMfT “Mg. We say f is isometric to g
over the p-adic integer ring Zp if there is a matrix T PMnpZpq satisfying the above
property. The isometry group Opfq of f is defined by
Opfq “ tT PMnpZq : T tMfT “Mfu and opfq “ |Opfq|.
The genus genpfq of f is the set of all quadratic forms that are isometric to f
over Zp for any prime p. The class number hpfq of f is the number of isometric
classes in the genus of f . We say an integer a is represented by the genus of f if
there is a quadratic form f 1 P genpfq that represents a. Note that a is represented
by the genus of f if and only if the equation a “ fpx1, x2, . . . , xnq always has a
solution px1, x2, . . . , xnq P Znp for any prime p (see, for example, 102:5 of [10]).
For a quadratic form f and an integer a, we define
wpfq “
ÿ
rgsPgenpfq
1
opgq and rpa, genpfqq “
1
wpfq
ÿ
rgsPgenpfq
rpa, gq
opgq ,
where rgs is the isometric class containing g in the genus of f . Note that if hpfq “ 1,
then we have rpa, genpfqq “ rpa, fq.
Any unexplained notations and terminologies can be found in [4] or [10].
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2. A sum of squares not divisible by 2 or 3
Let p be a prime. We say that an integer n is a sum of k squares not divisible
by p if there are integers x1, x2, . . . , xk such that
n “ x21 ` x22 ` ¨ ¨ ¨ ` x2k and pp, x1x2 ¨ ¨ ¨xkq “ 1.
If n is a sum of k squares not divisible by p, then we write n
pÝÑ Ik. We further
define Sppq the smallest integer k such that any positive integer is a sum of at most
k squares not divisible by p. Note that Sppq ě 4 for any prime p.
Lemma 2.1. Let f be a ternary quadratic form and let p be a prime not dividing
2df . Let n be a positive integer and let ordppnq “ λp. If n is represented by the
genus of f , then we have
rpp2n, genpfqq
rpn, genpfqq “ p ¨
ź
q|2df
αqpp2n, fq
αqpn, fq
ź
q∤2df
αqpp2n, fq
αqpn, fq
“
¨
˚˚˚
˚˚˚
˝
p
”
λp
2
ı
`2 ´ 1´
¨
˝´np´2
”
λp
2
ı
¨ df
p
˛
‚ˆp”λp2 ı`1 ´ 1˙
p
”
λp
2
ı
`1 ´ 1´
¨
˝´np´2
”
λp
2
ı
¨ df
p
˛
‚ˆp”λp2 ı ´ 1˙
˛
‹‹‹‹‹‹‚
.
Here rxs is the greatest integer not exceeding x and
´
¨
p
¯
is the Legendre symbol.
Proof. By the Minkowski-Siegel formula, we have
rpn, genpfqq “ pi 32 ¨ Γ
ˆ
3
2
˙´1
¨
c
n
df
¨
ź
qă8
αqpn, fq,
where αq is the local density over Zq. Note that by Theorem 3.1 in [15], we have
αppn, fq “
$’’’&
’’’%
1` 1
p
´ 1
p
λp`1
2
´ 1
p
λp`3
2
if λp is odd,
1` 1
p
´ 1
p
λp`2
2
`
ˆ´p´λpn ¨ df
p
˙
1
p
λp`2
2
otherwise.
Hence the lemma follows directly from this. 
Lemma 2.2. Let f be a ternary quadratic form and let n be a positive integer. If
the class number of f is 1, then for any prime p not dividing 2df , we have
rpp2n, fq ´ rpn, fq ą 0,
provided that p2n is represented by f .
Proof. Since we are assuming that hpfq “ 1, we have by Lemma 2.1,
rpp2n, fq
rpn, fq “
rpp2n, genpfqq
rpn, genpfqq ą 1.
This completes the proof. 
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Proposition 2.3. Every positive integer is a sum of at most 10 squares of odd
integers, and in fact, Sp2q “ 10.
Proof. If n ” 3 pmod 8q, then by Legendre’s three-square theorem, there are inte-
gers a1, a2, and a3 such that
n “ a21 ` a22 ` a23 and p2, a1a2a3q “ 1.
Hence n
2ÝÑ I3. Assume the n ” t pmod 8q for 3 ď t ď 8. Since n ´ pt ´ 3q ” 3
pmod 8q, we have n 2ÝÑ It. Next assume that n ” 1 pmod 8q. If n is a square of
an integer, then n
2ÝÑ I1. If n is not a square, then we have n 2ÝÑ I9, for n´ 6 ” 3
pmod 8q. Finally, assume that n ” 2 pmod 8q. If n is a sum of two squares, then
n
2ÝÑ I2. If n is not a sum of two squares, then n 2ÝÑ I10. Note that any integer
n ” 2 pmod 8q that is not a sum of two squares is not a sum of less than 10 squares
of odd integers. Therefore, we have Sp2q “ 10. 
Proposition 2.4. Every positive integer is a sum of at most 6 squares not divisible
by 3, and in fact, Sp3q “ 6.
Proof. Let n be a positive integer. First, assume that n ” 1 pmod 3q. By La-
grange’s four-square theorem, n is a sum of four squares, that is, there are integers
a1, a2, a3, and a4 such that n “ a21 ` a22 ` a23 ` a24. If a1a2a3a4 is not divisible by
3, then n
3ÝÑ I4. If a1a2a3a4 is divisible by 3, then exactly three of a1, a2, a3, and
a4 are divisible by 3. Without loss of generality, we assume that a1, a2, and a3 are
divisible by 3. Since n
3ÝÑ I1 in the case when a1 “ a2 “ a3 “ 0, we assume that
a21` a22` a23 ‰ 0. By applying Lemma 2.2 in the case when f “ x1, 1, 1y and p “ 3,
there are integers b1, b2, and b3 such that
a21 ` a22 ` a23 “ b21 ` b22 ` b23 and p3, b1b2b3q “ 1.
In fact, Lemma 2.2 says that at least one of b1, b2, and b3 is not divisible by 3.
However, in our case, this implies that none of bi’s are divisible by 3. Hence if
n ” 1 pmod 3q, then n 3ÝÑ I1 or n 3ÝÑ I4.
Now, assume that n ” 2 pmod 3q. If n is a sum of two squares, then n 3ÝÑ I2.
Otherwise, we have n
3ÝÑ I5, for n ´ 1 ” 1 pmod 3q. Finally assume that n ” 0
pmod 3q. In this case, we have n 3ÝÑ I3 or n 3ÝÑ I6. Note that if n is not a sum of
three squares, then n is not a sum of less than or equal to 5 squares not divisible
by 3. Therefore, we have Sp3q “ 6. 
3. When n is divisible by p
In this and next section, we find Sppq for a prime p greater than 3. In this
section, we find the smallest number k to represent a positive integer n divisible by
p as a sum of less than or equal to k squares not divisible by p.
Lemma 3.1. Let p be an odd prime and let n be a positive integer. Assume that p
is represented by x1, ky, where k is a positive integer not divisible by p. If an integer
n divisible by p is represented by x1, ky, then there are integers u and v such that
n “ u2 ` kv2 and pp, uvq “ 1.
A SUM OF SQUARES NOT DIVISIBLE BY A PRIME 5
Proof. See [9]. 
Lemma 3.2. Let p ” 1 pmod 4q be a prime and let n be a positive integer. If n
is a sum of three squares, then n is a sum of k squares not divisible by p for some
integer k ď 4.
Proof. From the assumption, there are integers a1, a2, and a3 such that n “ a21 `
a22`a23. First, assume that exactly two of a1, a2, and a3 are divisible by p. Without
loss of generality, assume that both a1 and a2 are divisible by p. If a1 “ a2 “ 0,
then n
pÝÑ I1. If a21`a22 ‰ 0, then by Lemma 3.1, there are integers b1 and b2 such
that
a21 ` a22 “ b21 ` b22 and pp, b1b2q “ 1.
Therefore, we have n
pÝÑ I3. Next, assume that exactly one of a1, a2, and a3, say
a1, is divisible by p. If a1 “ 0, then n pÝÑ I2. If a1 ‰ 0, then by Lemma 3.1, there
are integers c1 and c2 such that
a21 “ c21 ` c22 and pp, c1c2q “ 1.
Hence we have n
pÝÑ I4. Finally, assume that ai is divisible by p for any i “ 1, 2, 3.
In this case, from the above assertion, we may easily show that n
pÝÑ Ik for some
integer k ď 4. This completes the proof. 
Proposition 3.3. Let p ” 1 pmod 4q be a prime and let n be a positive integer. If
n is divisible by p, then n
pÝÑ Ik for some integer k ď 4.
Proof. Without loss of generality, we may assume that ordqpnq ď 1 for any prime
q ‰ p. By Lemma 3.2, we may assume that n ” 7 pmod 8q. Since the class
number of x1, 1, 5y is one and every positive integer congruent to 7 modulo 8 is
represented by x1, 1, 5y over Zp for any prime p, there are integers x, y, and z
such that n “ x2 ` y2 ` 5z2 by 102.5 of [10]. If xyz is not divisible by p, then
n “ x2 ` y2 ` z2 ` p2zq2 and n pÝÑ I4. Assume that at least two of x, y, and z
are divisible by p. Then, both x and y are divisible by p. If x2 ` y2 ‰ 0, then
there are integers a and b not divisible by p such that x2` y2 “ a2` b2. If z is not
divisible by p, then p “ 5. Since 5z2 “ p2zq2 ` z2, we have n pÝÑ I2 or n pÝÑ I4.
Assume that z is a non-zero integer divisible by p. Then there are integers c and d
not divisible by p such that z2 “ c2 ` d2. Hence we have
5z2 “ p2c` dq2 ` pc´ 2dq2 “ p2c´ dq2 ` pc` 2dq2.
Now, one may easily check that either p2c ` dqpc ´ 2dq or p2c ´ dqpc ` 2dq is not
divisible by p. Therefore, we have n
pÝÑ I2 or n pÝÑ I4.
Now, assume that x is divisible by p and yz is not divisible by p. Since y2`5z2 ”
0 pmod pq, we have
´
´5
p
¯
“
´
5
p
¯
“ 1. Let x “ ptx1 with pp, x1q “ 1. Since the class
number of x1, 5y is one, both p and p2t is represented by x1, 5y. Hence by Lemma
3.1, there are integers u and v such that p2t “ u2 ` 5v2 and pp, uvq “ 1. Then we
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have
n “ x2 ` y2 ` 5z2 “ p2tx12 ` y2 ` 5z2
“ pu2 ` 5v2qx12 ` y2 ` 5z2
“ pvx1 ` 2zq2 ` p2vx1 ´ zq2 ` u2x12 ` y2
“ pvx1 ´ 2zq2 ` p2vx1 ` zq2 ` u2x12 ` y2,
where uvx1yz is not divisible by p. Note that either pvx1 ` 2zqp2vx1 ´ zq or pvx1 ´
2zqp2vx1` zq is not divisible by p. Hence n pÝÑ Ik for some integer 3 ď k ď 4. The
proof of the case when y is divisible by p and xz is not divisible by p is quite similar
to this. If z is divisible by p and xy is not divisible by p, then one may easily show
that n
pÝÑ I2 or n pÝÑ I4 by the similar reasoning given above. 
Now, we consider the case when p ” 3 pmod 4q and n is divisible by p. To deal
with this case, we need some results from the theory of modular forms. For general
theory of modular forms and some relation between representations of quadratic
forms and modular forms, see [11] and [14].
For a positive integer N and a positive rational number k such that 2k P Z, let
SkpN,χq be the space of cusp forms of weight k with character χ for the congruence
group Γ0pNq.
Lemma 3.4. Let f “ x1, 1, 10y be Ramanujan’s ternary quadratic form and let n
be a positive integer. For any prime p ‰ 2, 3, 5, and 17, we have
rpp2n, fq ´ rpn, fq ą 0,
provided that p2n is represented by f .
Proof. Note that hpfq “ 2 and
genpfq{ „“
"
f, f 1 “ x2y K
ˆ
2 1
1 3
˙*
.
We let
φpzq “
8ÿ
n“1
apnqqn “ 1
4
8ÿ
n“1
prpn, fq ´ rpn, f 1qqqn “ q ´ q3 ´ q7 ´ q9 ` 2q13 ` ¨ ¨ ¨ ,
where q “ e2piiz . Then it is known that φpzq P S 3
2
`
40,
`
10
.
˘˘
is the weight 3
2
cusp
form. It is also known (see, for example, [12]) that the Shimura lift of φpzq is a
cusp form of weight 2
Φpzq “ η2p2zqη2p10zq “
8ÿ
n“1
Apnqqn
“ q ´ 2q3 ´ q5 ` 2q7 ` q9 ` 2q13 ` 2q15 ´ 6q17 ´ 4q19 ´ 4q21 ` 6q23 ` ¨ ¨ ¨ .
Here ηpzq “ q 124 ś8n“1p1´ qnq is the Dedekind’s eta-function. Since the dimension
of the space S 3
2
`
40,
`
10
.
˘˘
is one, φpzq is an eigenform of all Hecke operators T pp2q.
Hence for any prime p, there is a complex number αppq such that
(3.1) αppqapnq “ app2nq `
ˆ´10n
p
˙
apnq `
ˆ
10
p
˙2
¨ p ¨ apn{p2q,
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for any positive integer n. Here apn{p2q “ 0 if n is not divisible by p2. Since Φpzq P
S2p20q is the newform and the Shimura lifts commute with the Hecke operators
of integral and half-integral weight, we have αppq “ Appq for any prime p. By
Deligne’s bound on Hecke eigenvalues, we have |Apnq| ď τpnqn 12 , where τpnq is the
number of positive divisors of n. Hence we have |αppq| “ |Appq| ď 2?p for any
prime p.
Let p be a prime relatively prime to 10 and let ordppnq “ λp. From the assump-
tion given above, we may assume that n is represented by f . Then, by Equation
(3.1), we have
rpp2n, fq ´ rpp2n, f 1q “
´
αppq ´
´
´10n
p
¯¯
prpn, fq ´ rpn, f 1qq
´ p ¨
ˆ
r
ˆ
n
p2
, f
˙
´ r
ˆ
n
p2
, f 1
˙˙
.
By Lemma 2.1, we also have
rpp2n, fq ` 2rpp2n, f 1q “
¨
˚˚˚
˚˝
pr
λp
2
s`2 ´ 1´
˜
´np´2rλp2 s ¨ df
p
¸
pprλp2 s`1 ´ 1q
pr
λp
2
s`1 ´ 1´
˜
´np´2rλp2 s ¨ df
p
¸
pprλp2 s ´ 1q
˛
‹‹‹‹‚
ˆprpn, fq ` 2rpn, f 1qq
“
¨
˚˚˚
˚˝
pr
λp
2
s`1pp´ 2q ` 2p´ 1´
˜
´np´2rλp2 s ¨ df
p
¸
pprλp2 spp´ 2q ` 2p´ 1q
pr
λp
2
s`1 ´ 1´
˜
´np´2rλp2 s ¨ df
p
¸
pprλp2 s ´ 1q
˛
‹‹‹‹‚
ˆprpn, fq ` 2rpn, f 1qq ` 2p ¨
ˆ
r
ˆ
n
p2
, f
˙
` 2r
ˆ
n
p2
, f 1
˙˙
.
By combining two equalities given above, we have
3prpp2n, fq ´ rpn, fqq ě
´
p´ 5` 2αppq ´ 2
´
´10n
p
¯¯
rpn, fq
`
´
2p´ 4´ 2αppq ` 2
´
´10n
p
¯¯
rpn, f 1q ` 6p ¨ r
ˆ
n
p2
, f 1
˙
.
If p ‰ 3, 17, then p´ 5` 2αppq ´ 2
´
´10n
p
¯
ą 0 and
2p´ 4´ 2αppq ` 2
ˆ´10n
p
˙
ą 0,
for any prime p. Therefore if p ‰ 2, 3, 5, and 17, we have rpp2n, fq ´ rpn, fq ą 0.
This completes the proof. 
The following proposition is mentioned in Remark 3.2 of [8] without proof. Here,
we provide a simple proof for those who are unfamiliar with the method developed
in [8].
Proposition 3.5. For any positive integer n such that n ” 5 pmod 6q, the dio-
phantine equation n “ x2 ` y2 ` 10z2 has always an integer solution.
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Proof. One may easily show that every integer n such that n ” 5 pmod 6q is rep-
resented by the genus of Ramanujan’s ternary quadratic form f “ x1, 1, 10y. Hence
we may assume that n is represented by the other ternary quadratic form in the
genus of Ramanujan’s ternary quadratic form, that is, there are integers a, b, and c
such that n “ 2a2 ` 2b2 ` 2bc` 3c2. Then, by a direct computation, we have
pa, b, cq ” p0,˘1, 0q, p˘1, 0, 0q, p1, 0,˘1q,
p1,˘1,¯1q, p´1, 0,˘1q or p´1,˘1,¯1q pmod 3q.
By changing signs of a, b, and c, if necessary, we may assume that
pa, b, cq ” p0, 1, 0q, p1, 0, 0q, p1, 0, 1q or p1, 1,´1q pmod 3q.
First, assume that pa, b, cq ” p1, 1,´1q pmod 3q. Then there are integers b1 and c1
such that b´ a “ 3b1 and c´ 2a “ 3c1. Therefore we have
n “ 2a2 ` 2p3b1 ` aq2 ` 2p3b1 ` aqp3c1 ` 2aq ` 3p3c1 ` 2aq2
“ 20a2 ` 18b12 ` 27c12 ` 24ab1 ` 42ac1 ` 18b1c1
“ pa` 3b1 ´ c1q2 ` p3a` 3b1 ` 4c1q2 ` 10pa` c1q2,
which implies that n is represented by x1, 1, 10y. Similarly, one may easily check
that n is represented by x1, 1, 10y in the cases when pa, b, cq ” p0, 1, 0q pmod 3q or
pa, b, cq ” p1, 0, 1q pmod 3q.
Finally, assume that pa, b, cq ” p1, 0, 0q pmod 3q. Let G´20 be the set of all
proper classes of primitive binary quadratic forms with discriminant ´20. Then
it is well known that G´20 forms an abelian group with the composition law (for
details, see [2]). In fact, G´20 “ trx2`5y2s, r2x2`2xy`3y2su and rx2`5y2s is the
identity class. Since 32 is primitively represented by the identity class rx2 ` 5y2s,
every integer that is represented by 2x2` 2xy` 3y2 is 3-primitively represented by
it by Theorem 4.1 of [9]. This implies that there are always integers d, e such that
2b2 ` 2bc` 3c2 “ 2d2 ` 2de` 3e2 and p3, d, eq “ 1,
unless b “ c “ 0. This implies that pa, d, eq ” p1,˘1,¯1q or p1, 0,˘1q pmod 3q.
Therefore n is represented by x1, 1, 10y from the above argument. Note that any
integer of the form 2a2 is represented by Ramanujan’s ternary quadratic form
x1, 1, 10y. This completes the proof. 
Lemma 3.6. Let p ” 3 pmod 4q be a prime and let n and a be positive integers
such that
(i) the diagonal ternary quadratic form x1, 1, ay has class number 1;
(ii) the integer a is either a square or a sum of 2 squares not divisible by p;
(iii)
´
a
p
¯
“ 1 and n is divisible by p;
(iv) n is represented by x1, 1, ay.
Then, n
pÝÑ I3 if a is a square, and n pÝÑ I4 if a is a sum of 2 squares not divisible
by p.
Proof. By condition (iv), there are integers x1, x2, and x3 such that n “ x21 ` x22 `
ax23. Since the proofs are quite similar to each other, we assume that a is a sum of 2
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squares not divisible by p. Then, there are integers a1 and a2 such that a “ a21`a22
and pp, a1a2q “ 1. Hence we have
n “ x21 ` x22 ` pa1x3q2 ` pa2x3q2.
If one of xi’s is divisible by p, then by condition (iii), all of the xi’s are divisible by
p. Therefore, if ordppnq “ 1, then n pÝÑ I4. If ordppnq ě 2, then we may take xi’s
such that at least one of them is not divisible by p by Lemma 2.2. This implies
that all of the xi’s are not divisible by p. This completes the proof. 
Remark 3.7. Note that the class number of Ramanujan’s ternary quadratic form
x1, 1, 10y is two. However, we may apply the above lemma to the case when a “ 10
and p ą 3 by using Lemma 3.4 instead of Lemma 2.2. In this case, it is not easy
to check whether condition (iv) of Lemma 3.6 holds or not without Generalized
Riemann Hypothesis(GRH) (see [12]).
Proposition 3.8. Let p ” 3 pmod 4q be a prime greater than 3 and let n be a
positive integer divisible by p. Then n
pÝÑ Ik for some integer k “ 3 or 4.
Proof. We may assume, without loss of generality, that ordqpnq ď 1 for any prime
q ‰ p. If n is a sum of three squares, then n pÝÑ I3 by Lemma 3.6. Assume
that n ” 7 pmod 8q. Then n is represented by both x1, 1, 2y and x1, 1, 5y. If either´
2
p
¯
“ 1 or
´
5
p
¯
“ 1, then n pÝÑ I4 by Lemma 3.6.
Now, assume that
´
2
p
¯
“
´
5
p
¯
“ ´1. Then
´
10
p
¯
“ 1. Assume further that
ordppnq ě 2. Then n is represented by Ramanujan’s ternary quadratic form
x1, 1, 10y (see Theorem 1 of [12]). Hence we may still apply Lemma 3.6 to show
that n
pÝÑ I4, as stated in Remark 3.7.
Finally, assume that ordppnq “ 1. If n ” 2 pmod 3q, that is, n ” 5 pmod 6q,
then n is represented by x1, 1, 10y by Proposition 3.5, which implies that n pÝÑ I4
by Lemma 3.6. Next, assume that n ” 1 pmod 3q. Then exactly one of n´1, n´4,
and n´ 25 is divisible by 9. Let s0 P t1, 2, 5u be the integer such that n´ps0q2 ” 0
pmod 9q. Since n ´ ps0q2 ” 3 or 6 pmod 8q, the integer n´ps0q
2
9
is a sum of three
squares, whereas it is not a sum of two squares. Hence there are non-zero integers
a, b, and c such that
n´ ps0q2 “ p˘aq2 ` p˘bq2 ` p˘cq2 and a ” b ” c ” 0 pmod 3q.
Since n ´ ps0q2 is not divisible by p, at least one of a, b, and c is not divisible by
p. If abc is not divisible by p, then n
pÝÑ I4. Hence we may assume that abc is
divisible by p. Since ´1 is not a square modulo p, we may assume that exactly one
of a, b, and c is divisible by p. Without loss of generality, assume that c is divisible
by p. By choosing signs suitably, we further assume that
(3.2) a ı 2b pmod pq, 2a ı b pmod pq, and a ı ´b pmod pq.
Now, we have
n´ ps0q2 “ p2m´ aq2 ` p2m´ bq2 ` p2m´ cq2 and a` b` c “ 3m,
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wherem is an integer. By (3.2), the integer p2m´aqp2m´bqp2m´cq is not divisible
by p, which implies that n
pÝÑ I4.
Now, assume that n ” 0 pmod 3q. Since n
3
” 5 pmod 8q, we have n
3
pÝÑ I3 by
Lemma 3.6. Hence there are integers a, b, and c such that
n “ 3pa2 ` b2 ` c2q and pp, abcq “ 1.
By Euler’s four-square identity, we have
n “ p12 ` 12 ` 12 ` 02qpa2 ` b2 ` c2 ` 02q
“ pa´ b´ cq2 ` pa` bq2 ` pa` cq2 ` pb´ cq2
“ pa` b` cq2 ` pa´ bq2 ` pa´ cq2 ` pb´ cq2
“ pa` b´ cq2 ` pa´ bq2 ` pa` cq2 ` pb` cq2
“ pa´ b` cq2 ` pa` bq2 ` pa´ cq2 ` pb` cq2.
Assume that a´ b ´ c ” 0 pmod pq. Then clearly, pa ` b ` cqpa ´ bqpa´ cq is not
divisible by p. If b ´ c is divisible by p, then a ” 2b pmod pq. This implies that
n “ a2 ` b2 ` c2 ” 6b2 ı 0 pmod pq, which is a contradiction to the fact that
n ” 0 pmod pq. Hence b´ c is not divisible by p and n pÝÑ I4. Similarly, if one of
pa ` b ` cq, pa ` b ´ cq, and pa´ b ` cq is divisible by p, then n pÝÑ I4. Therefore
we may assume that
pa´ b´ cqpa` b` cqpa` b´ cqpa´ b` cq ı 0 pmod pq.
Since a is not divisible by p, we have
(3.3) a` b ı 0 pmod pq or a´ b ı 0 pmod pq.
If both pa` cqpb ´ cq and pa´ cqpb` cq are divisible by p, then
a ” b ” ´c pmod pq or a ” b ” c pmod pq,
which implies that n “ 3pa2 ` b2 ` c2q ” 9c2 ı 0 pmod pq. This is a contradiction.
Similarly, one may easily show that either pa ´ cqpb ´ cq or pa ` cqpb ` cq is not
divisible by p. From these and Equation (3.3), we have n
pÝÑ I4. 
4. When n is not divisible by p
In this section, we consider the case when a positive integer n is not divisible by
p, where p is a prime greater than 3, as in the previous section. In this case, we
may assume that n is square-free.
Lemma 4.1. Let n be a positive integer and let p be a prime greater than 3.
(i) If 5 ď p ď 13 and n ă p16pq2, then n pÝÑ Ik for some integer k ď 4, except
the case when p “ 5 and n is 79. In fact, 79 is a sum of 5 squares not
divisible by 5.
(ii) If p ě 17 and n ă p10pq2, then n pÝÑ Ik for some integer k ď 4.
Proof. To prove that n is a sum of k squares not divisible by p for some positive
integer k, we may assume that 0 ď ordqpnq ď 1 for any prime q ‰ p. By Lagrange’s
four square theorem, we may also assume that n ě p2.
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First, assume that p2 ď n ă p10pq2. Then there are integers u p1 ď u ď 9q and
a p0 ď a ď p´ 1q such that pup` aq2 ď n ă pup` a` 1q2. We assume that p ě 73.
If a “ 0, then
n´ pup´ 1q2 ď n´ pup´ 2q2 ă pup` 1q2 ´ pup´ 2q2 ď 6up´ 3 ă p2.
If a “ 1, then
n´ pup` 1q2 ď n´ pup´ 2q2 ă pup` 2q2 ´ pup´ 2q2 ď 8up ă p2,
and if a ě 2, then
n´ pup` aq2 ď n´ pup` a´ 1q2 ă pup` a` 1q2 ´ pup` a´ 1q2 ď 4up` 4a ă p2.
Therefore, there is a positive integer k less than or equal to 3 such that$’’&
’’%
n´ pup´ 1q2 or n´ pup´ 2q2 pÝÑ Ik if a “ 0,
n´ pup´ 2q2 or n´ pup` 1q2 pÝÑ Ik if a “ 1,
n´ pup` a´ 1q2 or n´ pup` aq2 pÝÑ Ik if a ě 2.
Therefore if p ě 73 and n ă p10pq2, then n pÝÑ Ik for some integer k ď 4.
For the case when 5 ď p ď 71, one may check by a direct computation that
n
pÝÑ Ik for some integer k ď 4, except the case when p “ 5 and n “ 79. Note that
essentially different representations of 79 by I4 are
79 “ 12 ` 22 ` 52 ` 72 “ 22 ` 52 ` 52 ` 52 “ 32 ` 32 ` 52 ` 62.
Hence 79 is not represented by a sum of 4 squares not divisible by 5. Since 79 “
12 ` 12 ` 22 ` 32 ` 82, 79 is a sum of 5 squares not divisible by 5. 
Theorem 4.2. If n ” 0 or 2 pmod 3q, then n pÝÑ Ik for some integer k ď 4.
Proof. Reacll that we are assuming that p is a prime greater than 3 and n is a
square-free positive integer not divisible by p. By Lemma 4.1, we may further
assume that
(4.1)
#
n ě p16pq2 if 5 ď p ď 13,
n ě p10pq2 if p ě 17.
First, we will prove that there exist integers k and s0 P t0, 1, 2, 3u such that
(1) n´ p6k ` s0q2 ‰ 4αp8β ` 7q for any non-negative integers α and β;
(2) n´ p6k ` s0q2 ” 2 pmod 3q;
(3) n´ p6k ` s0q2 ą 0;
(4)
ˆ
n´ p6k ` s0q2
p
˙
‰
ˆ
5
p
˙
, 0;
(5) 6k ` s0 ı 0 pmod pq.
We choose an integer s0 such that
s0 “
$’’’’&
’’’’%
0 if n ı 3 pmod 4q and n ı 0 pmod 3q,
1 if n ı 1 pmod 4q and n ” 0 pmod 3q,
2 if n ” 1 pmod 4q and n ” 0 pmod 3q,
3 if n ” 3 pmod 4q and n ı 0 pmod 3q.
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Then clearly, the first and the second conditions hold for any integer k. Now, we
will find an integer k satisfying the above conditions (3)„(5) for this integer s0. If
p is 5 or 7, then one may easily find an integer k such that the above conditions
(3)„(5) are all satisfied. Hence we may assume that p is greater than 7. In fact,
we will choose an integer k in the set T “ t1, 2, ¨ ¨ ¨ , p`9
2
u. Since n satisfies (4.1),
we have n´ p6k ` s0q2 ą 0 for any k P T and any s0 P t0, 1, 2, 3u. It is well known
that the number of solutions px, yq of the equation x2 ` y2 “ n over Fp is greater
than or equal to p ´ 1. Hence the number of x0’s such that n ´ x20 is a zero or a
square in Fp is at least
p´1
2
. Since |T | “ p`9
2
, there are at least four k P T such that
n´ p6k ` s0q2 is a zero or a square in Fp. Similarly, there are at least four k P T
such that n ´ p6k ` s0q2 is a zero or a non-square in Fp. Therefore there exists a
positive integer k P T such thatˆ
n´ p6k ` s0q2
p
˙
‰
ˆ
5
p
˙
, 0 and 6k ` s0 ı 0 pmod pq.
Now, by (1) and (3), there are integers a, b, and c such that
(4.2) n´ p6k ` s0q2 “ p˘aq2 ` p˘bq2 ` p˘cq2.
Since n´ p6k ` s0q2 ” 2 pmod 3q, we may suitably choose signs in Equation (4.2)
so that a ` b ` c is divisible by 3. If a ` b ` c “ 3m for some integer m, then we
have
(4.3) n´ p6k ` s0q2 “ a2 ` b2 ` c2 “ p2m´ aq2 ` p2m´ bq2 ` p2m´ cq2.
If abc is not divisible by p, then n
pÝÑ I4. Now, assume that at least two of a, b, and
c are divisible by p. Without loss of generality, we assume that both a and b are
divisible by p. Since c is not divisible by p by p4q, m is not divisible by p. Therefore,
p2m´ aqp2m´ bqp2m´ cq is not divisible by p. This implies that n pÝÑ I4.
Finally, assume that exactly one of a, b, and c is divisible by p. Without loss of
generality, we assume that c is divisible by p and ab is not divisible by p. We will
show that there are integers a, b, and c satisfying (4.3) such that m is not divisible
by p. Suppose, on the contrary, that m is divisible by p. Since n´ p6k ` s0q2 ” 2
pmod 3q, exactly one of a, b, and c is divisible by 3. If a is divisible by 3, then
n´ p6k ` s0q2 “ p´aq2 ` b2 ` c2 and ´ a` b` c “ 3
ˆ
m´ 2
3
a
˙
,
where pm ´ 2
3
aq is not divisible by p. The same argument can be applied to the
case when b is divisible by 3. Hence we may assume that c is divisible by 3. Since
a` b ” 0 pmod 3q, there are integers b1 and c1 such that a` b “ 3b1 and c “ 3c1.
Then, we have
n´ p6k ` s0q2 “ a2 ` p´a` 3b1q2 ` p3c1q2
“ pa´ 2b1 ` 2c1q2 ` p´a` b1 ` 2c1q2 ` p´2b1 ´ c1q2
“ pa´ 2b1 ´ 2c1q2 ` p´a` b1 ´ 2c1q2 ` p´2b1 ` c1q2.
Note that both b1 and c1 are divisible by p. By applying the similar argument
given above to this situation, we may assume that ´2b1 ` c1 ” 0 pmod 3q and
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´2b1´ c1 ” 0 pmod 3q. This implies that b1 ” c1 ” 0 pmod 3q. Now, suppose that
t, bt, and ct are integers such that
a` b “ 3tbt, c “ 3tct, and either bt or ct is not divisible by 3.
Note that both bt and ct are divisible by p. Let xt, yt be integers such that
x2t ` 2y2t “ 32t and xtyt ı 0 pmod 3q.
Note that such integers always exist by Lemma 3.1. Then we have
n´ p6k ` s0q2“a2 ` p´a` 3tbtq2 ` p3tctq2
“
´
a` pxt´3tq
2
bt ` ytct
¯2
`
´
´a` pxt`3tq
2
bt ` ytct
¯2
`pytbt ´ xtctq2
“
´
a` pxt´3tq
2
bt ´ ytct
¯2
`
´
´a` pxt`3tq
2
bt ´ ytct
¯2
`pytbt ` xtctq2.
Now, by applying the same argument given above, we may assume that
ytbt ´ xtct ” 0 pmod 3q and ytbt ` xtct ” 0 pmod 3q,
which implies that bt ” ct ” 0 pmod 3q. This is a contradiction. Therefore, we may
assume that the integerm given in (4.3) is not divisible by p. Since c is divisible by p
and abm is not divisible by p, 2m´c is not divisible by p. If 2m´a is divisible by p,
then a ” 2m pmod pq and b ” m pmod pq. This implies that n´p6k` s0q2 ” 5m2
pmod pq, which is a contradiction to the fact that
´
n´p6k`s0q
2
p
¯
‰
´
5
p
¯
. Therefore
2m ´ a is not divisible by p. By similar reasoning, 2m ´ b is not divisible by p.
Therefore, by (4.3), we have n
pÝÑ I4. This completes the proof. 
Theorem 4.3. If n ” 1 pmod 3q, then n pÝÑ Ik for some integer k ď 4, except the
case when p “ 5 and n “ 79.
Proof. Recall that we are assuming that p is a prime greater than 3 and n is a
square-free positive integer not divisible by p. By Lemma 4.1, we may further
assume that (4.1) holds. Then, similarly to Theorem 4.2, one may easily show that
there exist integers k and s0 P t1, 2, 4, 5, 7, 8u such that
(1) n´ p18k ` s0q2 ‰ 4αp8β ` 7q for any integers α and β;
(2) n´ p18k ` s0q2 ” 0 pmod 9q;
(3) n´ p18k ` s0q2 ą 0;
(4)
ˆ
n´ p18k ` s0q2
p
˙
‰
ˆ
5
p
˙
, 0;
(5) 18k ` s0 ı 0 pmod pq.
Since n´p18k`s0q
2
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is a sum of three squares, there are integers a, b, c, and m such
that a` b` c “ m and
n´ p18k ` s0q2 “ p3aq2 ` p3bq2 ` p3cq2 “ p2m´ 3aq2 ` p2m´ 3bq2 ` p2m´ 3cq2.
Note that at least one of a, b, and c is not divisible by p. If abc is not divisible
by p, then n
pÝÑ I4. Assume that exactly two of a, b, and c are divisible by p.
Without loss of generality, assume that both a and b are divisible by p. Then
neither m nor p2m ´ 3aqp2m ´ 3bqp2m ´ 3cq is divisible by p, which implies that
n
pÝÑ I4. Assume that exactly one of a, b, and c is divisible by p. Without loss
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of generality, we assume that a is divisible by p and bc is not divisible by p. By
changing a sign of b, if necessary, we may assume that a` b` c “ m is not divisible
by p. Then clearly, 2m´ 3a is not divisible by p. If 2m´ 3b is divisible by p, then
n´ p18k ` s0q2 ” 5m2 pmod pq. This is a contradiction to (4). Hence 2m ´ 3b is
not divisible by p. Similarly, we may also show that 2m´ 3c is not divisible by p.
Therefore n
pÝÑ I4. This completes the proof. 
By combining Propositions 3.3 and 3.8, Theorems 4.2 and 4.3, we have the
following:
Theorem 4.4. Let p be a prime greater than or equal to 5. Any positive integer
n is a sum of at most 4 squares not divisible by p, except the case when p “ 5 and
n “ 79. In the exceptional case, 79 is a sum of 5 squares not divisible by 5.
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